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For high energy cosmic neutrinos Athar, Jez´abek, and Yasuda (AJY) have recently shown
that the existing data on neutrino oscillations suggests that cosmic neutrino flux at the
AGN/GRB source, F (νe) : F (νµ) : F (ντ ) ≈ 1 : 2 : 0, oscillates to F (νe) : F (νµ) :
F (ντ ) ≈ 1 : 1 : 1. These results can be confirmed at AMANDA, Baikal, ANTARES
and NESTOR, and other neutrino detectors with a good flavor resolution. Here, we
re-derive the AJY result from quasi bi-maximal mixing, and show that observation of
F (νe) : F (νµ) : F (ντ ) ≈ 1 : 1 : 1 does not necessarily establish cosmic neutrino flux at
the AGN/GRB source to be F (νe) : F (νµ) : F (ντ ) ≈ 1 : 2 : 0. We also note that if the
length scale for the quantum-gravity induced de-coherence for astrophysical neutrinos
is of the order of a Mpc, then independent of the MNS matrix, the Liu-Hu-Ge (LHG)
mechanism would lead to flux equalization for the cosmic/astrophysical neutrinos.
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1. Introduction
The solar neutrino anomaly, the LSND excess events, and the Super-Kamiokande
data on atmospheric neutrinos, find their natural explanation in terms of oscillations
of neutrinos from one flavor to another.1,2,3 The only experiment so far that provides
a direct evidence of oscillation from one flavor to another is the LSND experiment.
However, the LSND result is still debated by the KARMEN collaboration.4 It is
expected to be settled by the dedicated Fermi Lab. experiments. Nevertheless, a
strong tentative evidence for neutrino oscillations seems established. An indirect
hint for neutrino oscillations resides in the problem of obtaining successful models
of type-II supernova explosions. Neutrino oscillations, if confirmed to exist, can
significantly aid these explosions:5 in effect, neutrino oscillations, provide an indirect
energy transport mechanism due to flavor-dependence of relevant neutrino cross
sections.
In this Letter we shall neglect any possible CP violation in neutrino oscillations.
∗Work supported by Consejo Nacional de Ciencia y Tecnolog´ia (CONACyT) under Project #
32067-E.
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We shall adopt the standard three-flavor neutrino scheme. In that framework one
can accommodate any of the following two sets of data: (a) Data on the atmospheric
neutrinos and solar neutrino anomaly, or (b) Data on atmospheric neutrinos and
LSND excess events. In the quasi bi-maximal mixing, the angle θ, see Eq. (7) below,
can accommodate either the LSND results or the solar anomaly, but not both.
In the context of this experimental setting, and the stated theoretical framework,
this Letter establishes the abstracted result. The origin for the abstracted result
lies in the observation that the observed L/E flatness of the electron-like event ratio
in the Super-Kamiokande atmospheric neutrino data strongly favors7,8 a quasi bi-
maximal mixing matrix (and in fact this is what drives the AJY result). Here we
show that quasi bi-maximal mixing transforms F (νe) : F (νµ) : F (ντ ) ≈ 1 : a : 2− a
to F (νe) : F (νµ) : F (ντ ) ≈ 1 : 1 : 1. Note, the latter flux neither carries an a
dependence, nor is it affected by the angle θ. This robustness has the consequence
that by studying the departures from the F (νe) : F (νµ) : F (ντ ) ≈ 1 : 1 : 1 for the
observed cosmic high energy flux one may be able to explore new and interesting
sources/physics of high energy cosmic neutrinos. The data, however, may also be
used to study unitarity-preserving deformations of bi-maximality.
In the next section, we summarize the AJY result under study. Section 3
shows the quasi bi-maximal mixing as the physical origin of flux equalization for
AGN/GRBs, it then presents the theorem advertised in the Abstract , and it ends
by introducing a deformed bi-maximal mixing and its affect on the flux equaliza-
tion. Section 4 discusses the LHG mechanism in the context of an observation by
Adler on quantum-gravity induced de-coherence effects. Section 5 is devoted to
conclusion.
2. Brief review of AJY flux equalization
Without CP violation, the three-flavor neutrino oscillation framework carries five
phenomenological parameters. These are the two mass-squared differences, ∆m2
32
and ∆m2
21
, and the three mixing angles:
U(θ, β, ψ) =


1 2 3
e cθcβ sθcβ sβ
µ −cθsβsψ − sθcψ cθcψ − sθsβsψ cβsψ
τ −cθsβcψ + sθsψ −sθsβcψ − cθsψ cβcψ

 (1)
The columns of the mixing matrix U are numbered by the mass eigenstates,  =
1, 2, 3, while the rows are enumerated by the flavors, ℓ = e, µ, τ . Here, we have
introduced the usual abbreviations: cx = cos(x), and sx = sin(x).
For a phenomenological study, the essential question is what are the parameters
of the neutrino oscillations and what information may be extracted from them about
particle physics, and astrophysical and cosmological processes/sources. New flavor-
sensitive detectors with a collection area exceeding 1 km2 shall provide us valuable
information about the high-energy cosmic neutrino flux. This flux carries important
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information about the conventional processes of AGNs and GRBs, but it may also
serve as a probe of certain quantum gravity effects and explore possible violations
of the equivalence principle.9,10,11,12,13,14,15,16
For high energy neutrinos, E >∼ 106 GeV, with sources in AGNs and GRBs, the
source-detector distance far exceeds the kinematically induced oscillation lengths
suggested by any of the solar, atmospheric, and the LSND data. Under these
circumstances the AGN and GRB neutrino flux, FS , at the source is roughly in the
ratio:
FSe : F
S
µ : F
S
τ :: 1 : 2 : 0 (2)
The oscillated flux, FDℓ , measured at terrestrial detectors, becomes independent of
the mass squared differences, and is given by:[6]
FDℓ =
∑
ℓ′
Pℓℓ′F
S
ℓ′ (3)
with
Pℓℓ′ =
∑

|Uℓ|2|Uℓ′|2 (4)
Using the solar, reactor, atmospheric, and the accelerator, neutrino data AJY have
made a detailed numerical analysis. The result is [6]a:
AJY’s numerical analysis: FDe : F
D
µ : F
D
τ :: 1 : 1 : 1 (5)
Analytically,17 AJY show that the above result follows from the data-dictated as-
sumptions:
|Ue3|2 ≪ 1,∣∣|Uµ|2 − |Uτ|2
∣∣ ≪ 1,  = 1, 2, 3. (6)
3. Quasi Bi-maximal origin of flux equalization and an ambiguity theo-
rem
We now show that this result is in fact a direct consequence of the quasi bi-maximal
mixing inferred from the L/E-flatness of the electron-like event ratio observed in
the Super-Kamiokande data on atmospheric neutrinos. Then, in the next section,
we show that the flux equalization is not a unique signature of the source flux given
by Eq. (2).
It was argued in Refs. [7, 8] that the observed L/E-flatness of the electron-like
event ratio in the Super-Kamiokande data on atmospheric neutrinos places severe
analytical constraints on the mixing matrix. Without reference to the solar neutrino
aAlso see, Ref. [17]
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deficit, or the data on the LSND excess events, it was shown that these constraints
yield a quasi bi-maximal mixing matrix.b This result is contained in Eq. (26) of
Ref. [8], and reads:
U =


cθ sθ 0
−sθ/
√
2 cθ/
√
2 1/
√
2
sθ/
√
2 −cθ/
√
2 1/
√
2

 (7)
The mixing matrix (7), when coupled with Eq. (4), yields:c
P =


s4θ + c
4
θ c
2
θs
2
θ c
2
θs
2
θ
c2θs
2
θ
1
4
[
1 + s4θ + c
4
θ
]
1
4
[
1 + s4θ + c
4
θ
]
c2θs
2
θ
1
4
[
1 + s4θ + c
4
θ
]
1
4
[
1 + s4θ + c
4
θ
]

 (8)
Substituting the obtained P in Eq. (3) furnishes with the prediction:
Quasi Bi-maximal mixing: FDe : F
D
µ : F
D
τ :: 1 : 1 : 1 (9)
This is precisely the result (5) which AJY obtained based on a detailed numerical
analysis.6 On the analytical side,17 the AJY constraints (6) are manifestly satisfied
by the quasi bi-maximal mixing matrix (7).
Clearly, the AGN/GRB related FS satisfy this flux equalization criterion with
a = 2. For supernovae explosions, a ≈ 1. Once again, one obtains the flux equal-
ization. The early results of Learned and Pakvasa21, and Weiler et al.22, are seen
to follow as a special case associated with θ = 0 and a = 2.
The result (9) is independent of the mixing angle θ – the angle relevant for
the solar, or LSND, data (see Refs. [7, 8]). This implies that the high energy
cosmic neutrino flux is robust in that it does not depend on the (vacuum) mixing
angle obtained from the solar neutrino anomaly, or from the LSND data. This
robustness can be exploited to systematically study other possible significant sources
of neutrino flux, especially those which may arise from sources other than the decay
of charged pions. The latter component of the neutrino flux may appear as a
departure from the evenly proportioned flux of the three neutrino flavors discussed
here. The departures may also serve as a probe of certain quantum gravity effects
and possible violations of the equivalence principle.9,10,11,12,13,14,15,16 However, we
now emphasize that detecting a flux (9) does not necessarily imply the source flux
to be (2).
In interpreting any deviations from the result (9), one must be careful to note
the following ambiguity theorem. Let
FS ≡ FSe : FSµ : FSτ :: 1 : a : 2− a, 0 ≤ a ≤ 2 (10)
bThe quasi bi-maximal mixing reduces to the bi-maximal mixing for θ = pi/4. Apart from Refs. [7,
8], other early references on bi-maximal mixing are [18, 19, 20].
cAn invertible quasi bi-maximal mixing matrix U , Eq. (7), necessarily yields a P matrix that is
non-invertible. This mathematical observation shall underlie the physical content of the theorem
to be presented below.
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Then, under the already stated framework, the quasi bi-maximal mixing has the
effect
FS → FD (11)
where
FD ≡ FDe : FDµ : FDτ :: 1 : 1 : 1 (12)
The proof is straight forward.
From an aesthetic point of view, a view which is also consistent with the ex-
isting data, the quasi bi-maximal mixing is a strong candidate to emerge as the
unitary matrix behind the neutrino oscillations. The widely discussed bi-maximal
mixing,7,8,18,19,20,23 as already noted, is a special case of the quasi bi-maximal mix-
ing. In this special case one may introduce a unitarity-preserving deformation of
the bi-maximality, and constrain it by the existing data as follows:
U ′ =


cβ/
√
2 cβ/
√
2 sβ
−(1 + sβ)/2 (1− sβ)/2 cβ/
√
2
(1− sβ)/2 −(1 + sβ)/2 cβ/
√
2

 , β ≪ 1 (13)
This deformed bi-maximal mixing transforms FS given by Eq. (10) into
F ′D ≡ F ′De : F ′Dµ : F ′Dτ :: 1 : 1 + (a− 1)s2β : 1 + (1− a)s2β (14)
and carries an essentially unique signature for the deformation parameter β, and
for the source flux parameter a (associated with the class of neutrino fluxes under
consideration).
4. Flux equalization in LHG mechanism
In a pioneering paper,24 LHG have argued that quantum-gravity induced EHNS
de-coherence25 can lead to a flux equalization for all flavors. However, the length
scale at which such a de-coherence sets in has been a reason of some discussion.26,27
The essential argument that Adler advances is, in essence, correct:27 these are ef-
fects of the quantum-gravity induced de-coherence on relative phases, and not on
the global phase, that are important. However, Lisi et al.26 counter, in a “Note
added” to their work, that, at present, one needs to take a purely phenomenological
approach to study such effects. Without addressing the specific objection of Adler,
Lisi et al. question the dimensional arguments of Adler. It is the apparent weakness
of Adler’s dimensional argument that saves in the end the suggestion of Lisi et al.
– a suggestion we suspect may, in fact, be too optimistic for atmospheric neutrinos,
but may carry viability for astrophysical neutrinos.
In the context of the argument advanced by Lisi et al. we note that dimensional
arguments can indeed break down when not all the relevant dimensionless numbers
are incorporated in one’s calculation, or are not known. The latter observation finds
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support in the circumstance that despite the standard “forty orders of magnitude
argument” gravitationally-induced phases in the neutron interferometry were first
observed.28 The dimensionless numbers that were missed in the standard arguments
were: (a) The mass of the Earth divided by mass of the neutron, a number that
equals 3 × 1051, and (b) The dimensions of the interferometer arm compared with
the de Broglie wavelength of a thermal neutron (which yields another dimensionless
number of about 1010).29. Similar circumstance arises in detection of neutrinos
(despite exceedingly small cross sections), and in the possibility of probing space-
time fluctuations via gravity wave detectors.34
For atmospheric neutrinos, a subject of the study contained in Lisi et al.’s work,
E is of the order of a few GeV, and L ranges from about 20 km to about 1.3× 104
km. Compared with the atmospheric neutrinos, for astrophysical neutrinos one
gains in L by a minimum factor of about 1015, while for MeV range astrophysical
neutrinos, E decreases by roughly three orders of magnitude. Combined, these
numbers give a minimum net gain in L/E by a factor of about 1018.dFurthermore,
one cannot assume that the quantum-gravity induced de-coherence is independent
of the relevant gravitational environment. Such a dimensionless number on the
surface of the Earth is,M⊕G/R⊕c
2 (incorporating c explicitly, now) = 7×10−10. Its
counterpart on the surface of a neutron star is about 0.2. These are precisely these
dimensionless numbers that yield the so called 20% gravitational-induced effect in
the red-shift of flavor oscillation clocks in Ref. [5] (see Refs. [30, 31, 32, 33] for
further discussion). In astrophysical environments with intense gravitational fields,
by naive dimensional arguments, we may obtain another ten orders of magnitude
in favor of the quantum-gravity induced de-coherence in neutrino oscillations.
The original arguments that suggested that the quantum-gravity induced de-
coherence may be observable for atmospheric, or solar, neutrinos thus appears too
optimistic. However, the relevance of quantum-gravity effects in neutrino oscilla-
tions in the cosmic/astrophysical contexts cannot be easily ruled out. If the length
scale for the quantum-gravity induced de-coherence for astrophysical neutrinos is of
the order of a Mpc (MegaParsec), then independent of the MNS matrix, the LHG
effect would lead to the flux equalization for the astrophysical neutrinos.
5. Conclusion
The observed L/E flatness of the electron-like event ratio in the Super-Kamiokande
atmospheric data strongly favors a quasi bi-maximal mixing for neutrino oscillations.
This quasi bi-maximal mixing contains one unconstrained mixing angle, θ. The
angle θ can either be used to accommodate the LSND excess events, or to explain
to the long-standing solar neutrino anomaly. For high energy cosmic neutrinos,
the Source-Detector distance far exceeds any of the relevant kinematically induced
oscillations lengths. When this information is coupled with the Super-Kamiokande
dFor higher E, L/E suffers a decrease from this value. However, VEP16 and qVEP9 effects increase
[no co-relation is implied, and final effects are a complex web of different effects].
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implied quasi bi-maximal mixing, characterized by the angle θ, we find that a whole
range of neutrino fluxes, FS , defined in Eq. (10), and characterized by a, oscillate
to equal fluxes of νe, νµ, and ντ . This result carries a remarkable robustness in its
θ- and a- independence.
Observation of equal νe, νµ, and ντ fluxes from AGN/GRBs, and supernovae
explosions, can be used to establish if they belong to flux class, FS , defined above.
Deviations of these fluxes, FD, as observed in terrestrial detectors, from the ratio
1 : 1 : 1 can become a robust measure of the departure of the source flux ratio from
1 : a : 2 − a. A detailed study of these departures carries the seeds to discover
new physics, and to characterize cosmic neutrino sources. In particular, it is to
be emphasized that a remains unmeasurable, if the mixing is quasi bi-maximal
(of which, bi-maximal mixing is a special case). Furthermore, the angle θ, that,
e.g., can be adjusted to resolve the solar neutrino anomaly, does not influence
the expected flux equalization. Because the high-energy cosmic neutrino flux as
detected in terrestrial laboratories is insensitive to the underlying mass-squared
differences, measurements on the flavor spectrum of the high-energy cosmic neutrino
flux can be used to probe a whole range of parameters associated with neutrino
oscillations. Since each of these parameters – from those related to the deformed
bi-maximal mixing, to those that characterize a whole range of quantum-gravity
effects (including those violating the principle of equivalence) – is likely to yield a
different signature, high-energy cosmic neutrinos provide a powerful probe into new
physics.
The ambiguity that has been discussion of this Letter is further compounded
if the length scale for the quantum-gravity induced de-coherence for astrophysical
neutrinos turn out to be of the order of a Mpc (MegaParsec). Then, independent
of the MNS matrix, the LHG effect would lead to the flux equalization for the
astrophysical neutrinos.
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Note Added
After this work was accepted for publication, Kera¨nen brought to my attention
his work where he and his colleagues35 investigate the problem studied in this Letter
in the context of a two-doublet structure of the 4-neutrino mixing. In a future study,
I intend to look at their scenario with a special emphasis on the L/E flatness of
the e-like event ratio seen in the atmopsheric neutrino oscillation data, and see to
what extent the ambiguity reported here survives in the extended frameworks of
neutrino oscillations.
Learned and Pakvasa (LP)21 – in a work predating the AJY result17 – had
also observed that a siginficant parameter space of the 3 × 3 neutrino oscillation
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framework contains the flux equalization of different flavors. The LP study was
based on a whole range of allowed values of the three mixing angles as deciphered
from then-existing data on the solar and atmospheric neutrinos. Here, we have
traced back the origin of the LP-AJY result to the bi-maximal mixing as implied
by the L/E flatness of the e-like event ratio observed at Super Kamiokande for
atmospheric neutrinos, and, in addition, have brought in a new element that a
similar ambiguity in tracing back the source flux is introduced by certain quantum
gravity effects.
References
1. J. N. Bahcall, Neutrino Astrophysics (Cambridge University Press, Cambridge, 1994).
2. C. Athanassopoulos, et al., Phys. Rev. Lett. 81, 1774 (1998).
3. Y. Fukuda et al., Phys. Rev. Lett. 81, 1562 (1998).
4. K. Eitel, New Jour. Phys. 2, 1 (2000).
5. D. V. Ahluwalia and C. Burgard, Gen. Rel. Grav. 28, 1161 (1996); Erratum 29, 681
(1997).
6. O. Yasuda, “Neutrino oscillations in high energy cosmic neutrino flux,” hep-
ph/0005135.
7. D. V. Ahluwalia, Mod. Phys. Lett. A13, 2249 (1998).
8. I. Stancu, D. V. Ahluwalia, Phys. Lett. B460, 431 (1999).
9. G. Z. Adunas, E. Rodriguez-Milla, D. V. Ahluwalia, Phys. Lett. B485, 215 (2000).
10. G. Amelino-Camelia, J. Ellis, N. E. Mavromatos, D. V. Nanopoulos, Nature 393, 763
(1998).
11. J. Ellis, N. E. Mavromatos, D. V. Nanopoulos, Phys. Rev. D61, 027503 (2000).
12. S. D. Biller et al. Phys. Rev. Lett. 83, 2108 (1999).
13. J. Alfaro. H. A. Morales-Te´cotl, L. F. Urrutia, Phys. Rev. Lett. 84, 2318 (2000).
14. G. L. Fogli, E. Lisi, A. Marrone, G. Scioscia, Phys. Rev. bibbf D60, 053006 (1999).
15. H. V. Klapdor-Kleingrothaus, H. Pa¨s, U. Sarkar, Eur. Phys. J. 8, 577 (2000).
16. M. Gasperini, Phys. Rev. D39, 3606 (1989).
17. H. Athar, M. Jez´abek, O. Yasuda, Phys. Rev. D62, 103007 (2000).
18. V. Barger, S. Pakvasa, T. J. Weiler, K. Whisnant, Phys. Lett. B437, 107 (1998).
19. H. Georgi, S. Glashow, Phys. Rev. D61, 097301 (2000).
20. A. J. Baltz, A. S. Goldhaber, M. Goldhaber, Phys. Rev. Lett. 81, 5730 (1998).
21. J. G. Learned, S. Pakvasa, Astropart. Phys. 3, 267 (1995).
22. T. J. Weiler, W. A. Simmons, S. Pakvasa, J. G. Learned, “Gamma–ray bursters, neu-
trinos, and cosmology,” hep-ph/9411432.
23. For a representative set of works see, V. Barger, K. Whisnant, “Neutrino mixing
schemes,” hep-ph/0006235; R. Foot, Phys. Lett. B483, 151 (2000); W. Rodejohann,
Phys. Rev. D62, 013011 (2000); R. F. Harrison, Phys. Lett. B476, 349 (2000); A.
Yu. Smirnov, “Reconstructing neutrino mass spectrum,” hep-ph/9901208; G. Altarelli,
F. Feruglio, JHEP 9811, 021 (1998); S. Davidson, Phys. Lett. B445, 191 (1998); J.
Ellis, G. K. Leontaris, S. Lola, D. V. Nanopoulos, Eur. Phys. J. C9, 389 (1999); A.
Ghosal, Phys. Rev. D62, 092001 (2000); Q. Shafi, Phys. Lett. B482, 145 (2000); R.
N.Mohapatra, S. Nussinov, Phys. Lett. B441, 299 (1998); H. Fritzsch and Z.Z. Xing,
Phys. Lett. B372, 265 (1996); B440 313,(1998); M. Jezabek and Y. Sumino, Phys.
Lett. B440, 327 (1998); Y. Nomura and T. Yanagida, Phys. Rev. D59 017303 (1999); C.
Jarlskog, M. Matsuda, S. Skadhauge and M. Tanimoto, Phys. Lett. B449 240 (1999).
24. Y. Liu, L. Hu, M.-L Ge, Phys. Rev. D56, 6648 (1997).
Ambiguity in source flux of cosmic/astrophysical neutrinos ldots 9
25. J. Ellis, J. S. Hagelin, D. V. Nanopoulos, and M. Srednicki, Nucl. Phys. B241, 381
(1984).
26. E. Lisi, A. Marrone, and D. Montanino, Phys. Rev. Lett. 85, 1166 (2000).
27. S. L. Adler, Phys. Rev. 62, 117901 (2000).
28. R. Colella, A. W. Overhauser, and S. A. Werner, Phys. Rev. Lett. 34, 1472 (1975).
29. D. V. Ahluwalia, Nature 398, 199 (1999).
30. D. V. Ahluwalia and C. Burgard, Phys. Rev. D57, 4724 (1998).
31. K. Konno and M. Kasai, Prog. Theor. Phys. 100, 1145 (1998).
32. Y. Grossman and H. J. Lipkin, Phys. Rev. D55, 2760 (1997).
33. M. Adak, T. Dereli, and L. H. Ryder, Class. Quant. Grav., in press; gr-qc/0103046.
34. G. Amelino-Camelia, Nature 398, 216 (1999).
35. L. Bento, P. Kera¨nen, J. Maalampi, Phys. Lett. B 474, 205 (2000).
